Quantum teleportation via maximum-confidence quantum measurements by Neves, L. et al.
Quantum teleportation via maximum-confidence quantum measurements
L. Neves, M. A. Sol´ıs-Prosser,∗ and A. Delgado
Center for Optics and Photonics, Universidad de Concepcio´n, Casilla 4016, Concepcio´n, Chile
MSI-Nucleus on Advanced Optics, Universidad de Concepcio´n, Casilla 160-C, Concepcio´n, Chile and
Departamento de F´ısica, Universidad de Concepcio´n, Casilla 160-C, Concepcio´n, Chile
O. Jime´nez
Departamento de F´ısica, Facultad de Ciencias Ba´sicas,
Universidad de Antofagasta, Casilla 170, Antofagasta, Chile
(Dated: October 20, 2018)
We investigate the problem of teleporting unknown qudit states via pure quantum channels
with nonmaximal Schmidt rank. This process is mapped to the problem of discriminating among
nonorthogonal symmetric states which are linearly dependent and equally likely. It is shown that
by applying an optimized maximum-confidence (MC) measurement for accomplishing this task, one
reaches the maximum possible teleportation fidelity after a conclusive event in the discrimination
process, which in turn occurs with the maximum success probability. In this case, such fidelity
depends only on the Schmidt rank of the channel and it is larger than the optimal one achieved,
deterministically, by the standard teleportation protocol. Furthermore, we show that there are
quantum channels for which it is possible to apply a k-stage sequential MC measurement in the
discrimination process such that a conclusive event at any stage leads to a teleportation fidelity
above the aforementioned optimal one and, consequently, increases the overall success probability
of teleportation with a fidelity above this limit.
PACS numbers: 03.67.-a, 03.67.Hk, 03.65.Ta
I. INTRODUCTION
Quantum teleportation is a quantum communication
protocol where a sender, Alice, aims to transmit to a re-
ceiver, Bob, an unknown state of a D-dimensional quan-
tum system (qudit) without sending the system itself.
In the standard version of the protocol [1], Alice and
Bob share two qudits in a pure and maximally entangled
state (the quantum channel). She then performs a joint
measurement on her half of the entangled pair and the
system carrying the state to be teleported. After that,
she communicates the outcome of her measurement to
Bob through a classical channel with 2 log2(D) bits ca-
pacity. Once Bob learns Alice’s outcome, he performs
a unitary operation on his previously entangled system,
which transforms its state into the original one that Al-
ice aimed to transmit, and then the teleportation is com-
plete. The consumption of a pure maximally entangled
state and 2 log2(D) bits of classical communication are
both necessary and sufficient conditions for determinis-
tic and faithful teleportation [1], which means that Alice
transmits a quantum state to Bob with unit probability
of success and unity fidelity.
When Alice and Bob share a pure but nonmaximally
two-qudit entangled state, deterministic and faithful tele-
portation is no longer possible.1 The best they can do
∗ msolisp@udec.cl
1 The only exception occurs when the quantum channel is a non-
maximally entangled pure state of two N -dimensional systems
with N > D [2]. This case will not be addressed here.
is to teleport in a optimal way according to some fig-
ure(s) of merit (e.g., average teleportation fidelity, prob-
ability of successful teleportation and classical commu-
nication cost). In this regard, many optimized schemes
have been suggested to implement quantum teleportation
[3–14]. For instance, to obtain the optimal average tele-
portation fidelity deterministically, Alice and Bob have
just to perform the standard protocol [4–6]. On the other
hand, if it is crucial for Bob to receive from Alice a per-
fect replica of an unknown qudit state, they can resort
to the so-called perfect conclusive teleportation [8]. In
this scheme, faithful teleportation is possible with less
than unity probability of success and the optimal proto-
col is the one that maximizes such probability. So far,
several strategies have been proposed to implement the
optimal protocol [8–13]. In particular, for the purposes
of the present work, we highlight the strategy of Ref. [13]
where it is shown that to accomplish perfect conclusive
teleportation in a optimal way, Alice must implement an
optimized measurement which discriminates unambigu-
ously between a set of linearly independent and equally
likely symmetric states [15–18].
Perfect conclusive teleportation applies only for a
quantum channel with maximal Schmidt rank [3, 4]2.
In this article we investigate the problem of teleport-
ing via nonmaximally entangled states with nonmaximal
Schmidt rank. Since the success probability of faithful
2 The Schmidt rank is the number of nonvanishing coefficients in
the Schmidt decomposition of a pure bipartite quantum state.
For two D-dimensional systems its maximum value is D.
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2teleportation is zero in this case, we design an optimal
imperfect conclusive teleportation protocol which can be
summarized as follows: Alice tries to teleport an un-
known qudit state to Bob and succeeds with the max-
imum achievable probability. When she succeeds, the
teleportation fidelity, although less than unit, is also the
maximum achievable for their shared quantum channel.
Such fidelity depends only on the Schmidt rank of this
channel and it is larger than the optimal one achieved,
deterministically, by the standard protocol [4–6]. This is
relevant, for instance, in a scenario where it is sufficient
for Alice’s and Bob’s purposes to teleport with a fidelity
above some threshold and their quantum channel allows
this only in a probabilistic way.
Similarly to the approach of Ref. [13] for quantum
channels with maximal Schmidt rank, we shall see here
that if this number is not maximal, in the course of the
teleportation process Alice is faced with the problem of
discriminating among nonorthogonal symmetric states
which are linearly dependent and equally likely. Then,
we show that by implementing an optimized maximum-
confidence (MC) measurement [19] to accomplish this
task, she can perform the optimal imperfect conclusive
teleportation as described above. The MC discrimination
for the aforementioned set of states was studied recently
[20, 21]. Specifically, in Ref. [20] we have found the opti-
mal positive operator valued measure (POVM) that max-
imizes our confidence in identifying each state in the set
and minimizes the probability of obtaining inconclusive
results. We also showed that after an inconclusive result,
the input states are mapped into a new set of equiproba-
ble symmetric states within a lower-dimensional Hilbert
space. If such space is not one dimensional, this new
set could be submitted to another round of MC mea-
surements, with which we could still gain some informa-
tion about the input states, although with less confidence
than before. This process can be repeated in as many
stages as allowed by the input states, and we called it
sequential maximum-confidence (SMC) measurements.
Applying SMC measurements to our imperfect conclu-
sive teleportation protocol, we shall see that the number
of stages that Alice is allowed to implement, depends on
both the Schmidt rank and Schmidt coefficients of the
quantum channel, which she and Bob know in advance.
We then show that there are quantum channels for which
it is possible to implement a k-stage SMC measurement
(k > 1) such that conclusive events at any stage lead to
a teleportation fidelity above the optimal one achieved
by the standard protocol [4–6]. In this case, there will
be an increase of the overall probability of teleportation
with a fidelity above that limit and, consequently, Alice
and Bob will be able to save resources for accomplishing
the protocol, as we shall discuss later. We shall as well
discuss some side effects of our protocol, as for instance,
the requirement of ancillary systems, the increase in the
classical communication cost, and the reduction of the
overall teleportation fidelity (which involves conclusive
and inconclusive events) when compared with the one
achieved by the optimal deterministic protocol.
The remainder of this article is organized as follows: In
Sec. II we show how the teleportation process via non-
maximally entangled states can be mapped to the prob-
lem of discriminating nonorthogonal symmetric states.
We then discuss the optimal deterministic and perfect
conclusive protocols within this context. In Sec. III we
briefly review the discrimination of symmetric states via
MC measurements and present the optimal imperfect
conclusive teleportation protocol. An explicit example
is described to illustrate it. In Sec. IV we describe SMC
measurements and apply such a strategy to the telepor-
tation process. Its benefits as well as its drawbacks are
analyzed, and the previous example is used once again to
illustrate the protocol. Finally, in Sec. V, we summarize
the results, discuss possible extensions of our work, and
conclude.
II. QUANTUM TELEPORTATION ASSISTED
BY QUANTUM STATE DISCRIMINATION
In this section we will describe the teleportation proto-
col within the framework of quantum computing [22, 23].
Doing so, it will be straightforward to establish its con-
nection with the problem of quantum state discrimina-
tion. In this regard we shall see that an optimal deter-
ministic protocol and a probabilistic and faithful one can
be associated with minimum-error and unambiguous dis-
crimination strategies, respectively (reminding that the
latter case is a known result [13]). This starting point will
be important to understand how an optimal probabilistic
and unfaithful teleportation protocol is connected with a
maximum-confidence discrimination strategy, as we shall
see in Sec. III.
A. Background
Suppose that Alice wants to teleport to Bob an un-
known pure state of a qudit given by
|φ〉3 =
D−1∑
k=0
ck|k〉3, (1)
where
∑D−1
k=0 |ck|2 = 1 and the orthonormal set of states{|k〉3} forms the computational basis spanning a D-
dimensional Hilbert space H3. The quantum channel to
implement the protocol is given by a pure bipartite en-
tangled state |Ψ〉12, where system 1 belongs to Bob and
system 2 to Alice. Without loss of generality, we assume
that both systems live in a D-dimensional Hilbert space,
H1 and H2, respectively. Using the Schmidt decomposi-
tion the state |Ψ〉12 can be written as [23]
|Ψ〉12 =
N−1∑
m=0
am|m〉1|m〉2, (2)
3where am are strictly positive real numbers satisfying∑N−1
m=0 a
2
m = 1. For simplicity we also assume that these
coefficients are decreasingly ordered, i.e., ai > ai+1 > 0.
Note that we have included in the sum only the nonvan-
ishing Schmidt coefficients, and thereby N represents the
Schmidt rank of the state |Ψ〉12 (see footnote 2), where
N 6 D. As a final assumption, let the Schmidt basis,
which is composed by D orthonormal states {|m〉i}D−1m=0,
coincide with the computational basis spanning Hi for
i = 1, 2. If this is not the case in the beginning, Alice
and Bob can apply local unitary rotations to align the
Schmidt basis with the computational one [4].
As we mentioned in the Introduction, Alice must now
perform a joint measurement on the quantum systems in
her possession, in this case systems 2 and 3. Generaliz-
ing the approach of Refs. [22, 23] for qubits to higher-
dimensional spaces, this measurement can be described
by a two-step process. In the first step, Alice implements
a unitary operation given by a generalized controlled-not
gate, Gˆxor23 , having system 2 as the control qudit and sys-
tem 3 as the target qudit (see Fig. 1). The action of Gˆxor23
onto the computational basis is defined by [24, 25]
Gˆxor23 |i〉2|j〉3 = |i〉2|i	 j〉3, (3)
where 	 denotes subtraction modulo D. Applying this
operator on the initial three-system state |Ψ〉12|φ〉3 and
using Eqs. (1)–(3), we obtain
Gˆxor23 |Ψ〉12|φ〉3 =
1
D
D−1∑
l,k=0
ZˆD−l1 Xˆ
k
1 |φ〉1|νl〉2|k〉3, (4)
where Zˆ and Xˆ are the generalized Pauli operators, de-
fined by their action on the computational basis as
Zˆ|m〉 = e2piim/D|m〉, (5)
and
Xˆ|m〉 = |m⊕ 1〉, (6)
respectively, where ⊕ denotes addition modulo D. The
states |νl〉2 in Eq. (4) are given by
|νl〉2 = Zˆl2
N−1∑
k=0
ak|k〉2, (7)
for l = 0, . . . , D − 1. They form a set of D symmetric
states3 under the action of Zˆ2, and are characterized by
the state coefficients ak defining the quantum channel in
Eq. (2). Additionally, the Schmidt rank of this channel,
3 A set of states is symmetric under the action of a unitary Zˆ, if
they satisfy the following conditions: |νl〉 = Zˆ|νl−1〉 = Zˆl|ν0〉,
|ν0〉 = Zˆ|νD−1〉 [17]. This is the case for the states in Eq. (7)
with the unitary given by Eq. (5).
FIG. 1. Quantum circuit for standard teleportation. For
|Ψ〉12 maximally entangled, |φ˜〉 ≡ |φ〉 and the teleportation
fidelity is 1. Otherwise, |φ˜〉 6= |φ〉 and the maximum fidelity
is the one given by Eq. (12).
N , will determine if the set is linearly independent (N =
D) or linearly dependent (N < D).
The second step of Alice’s procedure is to perform mea-
surements on the systems 2 and 3 individually. From
Eq. (4) we see that the state of system 3 can be per-
fectly determined by a projective measurement in the
computational basis. The measurement of system 2, how-
ever, will depend on the features of the quantum channel
[which defines the features of the set {|νl〉2} in Eq. (7)]
and a prearrangement between Alice and Bob regarding
which type of teleportation protocol they want (or they
can) implement. Therefore, the teleportation process is
mapped to the problem of Alice’s ability to perform an
optimized measurement which discriminates D symmet-
ric states {|νl〉2} occurring with equal prior probabilities
1/D. In what follows we discuss the possibilities for tele-
portation in the context of state discrimination.
B. Perfect teleportation
In order to achieve faithful and deterministic telepor-
tation, Alice and Bob must share a maximally entangled
state in the first place. When this is the case, we have
in Eq. (2) N = D and am = 1/
√
D for all m. Thus, the
symmetric states in Eq. (7) become
|νl〉2 = Fˆ2|l〉2, (8)
where Fˆ is the discrete Fourier transform defined by
Fˆ = 1√
D
D−1∑
m,n=0
e2piimn/D|m〉〈n|. (9)
Therefore, system 2 is mapped to a set of orthogonal
states which can be perfectly and deterministically dis-
criminated. Due to this fact, Alice can perform faith-
ful and deterministic teleportation. The whole process
can be understood from Eq. (4) and the quantum circuit
shown in Fig. 1. Alice applies a Gˆxor23 between systems
2 and 3, followed by an inverse Fourier transform at 2.
Then she measures both systems in the computational
basis4 and sends a 2 log2(D)-bit message to Bob through
4 This two-step process is equivalent to performing the complete
Bell-state measurement [22, 23].
4a classical channel communicating the result (l′, k′) that
she has obtained. Finally, Bob uses this information and
apply the unitary transformations Xˆ−k
′
1 Zˆ
l′
1 on his system
whose state becomes a perfect replica of the unknown
state |φ〉.
C. Teleportation and singlet fraction
Before proceeding, we briefly recall a result that will
be useful for the discussions that follow. In Ref. [3],
Horodecki et al. demonstrated that for any given ini-
tial entangled state ρˆ12 (pure or mixed) shared between
Alice and Bob, the optimal teleportation fidelity over all
possible protocols performed via local operations an clas-
sical communication (LOCC) is given by
FS =
DfS + 1
D + 1
. (10)
Here, the superscript S indicates whether the protocol
belongs to a class of deterministic or probabilistic pro-
tocols. The parameter fS , called the singlet fraction, is
defined as
fS = max
Ψ˜
[
12〈Ψ˜|ρˆ12|Ψ˜〉12
]
, (11)
and measures the maximum fidelity that can be achieved
between ρˆ12 and a maximally entangled state |Ψ˜〉12
when the former is subjected to S transformations using
LOCC. In the case of faithful and deterministic telepor-
tation discussed above, we have that the singlet fraction
will be unit, and so will be the fidelity in (10).
In the remainder of this work we shall associate S not
only with the class of the protocol but also with a given
state discrimination strategy within that class. In addi-
tion, we will see that the singlet fraction is equal to the
confidence achieved in the discrimination of the symmet-
ric states in Eq. (7) when such a strategy is employed.
D. Optimal deterministic teleportation
Let us now assume that Alice and Bob share a nonmax-
imally entangled pure state and they agree beforehand to
implement teleportation deterministically. Following the
discussion in Sec. II A, after applying the Gˆxor23 , system
2 is mapped to a set of D equally likely nonorthogonal
symmetric states given by Eq. (7). These states cannot
be discriminated, simultaneously, in a perfect and de-
terministic way. Due to her prior agreement with Bob,
Alice must then abandon the requirement for perfection
and implement a measurement with D possible outcomes
where errors are allowed to occur. In this case, the op-
timized measurement will be the one that minimizes the
probability of making an erroneous identification of the
state, which is known as minimum-error (ME) discrim-
ination [26, 27]. It turns out that for the aforemen-
tioned set of states of system 2, the physical implemen-
tation of the optimal ME measurement follows exactly
the same procedure of the standard teleportation pro-
tocol (see Fig. 1), that is, an inverse Fourier transform
followed by a projective measurement on the computa-
tional basis [18, 20, 28]5. Therefore, when Alice applies
the Gˆxor23 , measures system 3 in the computational basis,
and implements an optimized ME measurement on sys-
tem 2, she is just performing the standard teleportation
(which is completed as indicated in the quantum circuit
of Fig. 1). By performing standard teleportation, it is
guaranteed by Refs. [4, 5] that the fidelity between Bob’s
final state and Alice’s unknown state, averaged over all
possible input states |φ〉, will be the maximum achievable
1
D + 1
1 +(N−1∑
m=0
am
)2 ≡ FME, (12)
where am are the Schmidt coefficients of the entangled
state given by Eq. (2). The superscript “ME” now in-
dicates the optimal discrimination strategy adopted by
Alice to achieve this optimal fidelity in a deterministic
protocol. Comparing Eqs. (10) and (12) we find that
fME =
1
D
(
N−1∑
m=0
am
)2
. (13)
The quantity on the right-hand side is precisely the prob-
ability of correctly discriminating among equally likely
symmetric states via ME measurements, PMEcorr, which in
turn is equal to the maximum confidence achieved by
a ME measurement in such discrimination,6 [P (νl|l)]ME
[20], that is,
fME = PMEcorr = [P (νl|l)]ME. (14)
The connection between optimal deterministic telepor-
tation and optimal ME discrimination established here,
will be important to understand how the optimal tele-
portation via MC measurements works in practice, as we
will see in Sec. III.
E. Optimal perfect conclusive teleportation
From the discussion in Sec. II A, it follows that in order
to teleport faithfully via a nonmaximally entangled chan-
nel, Alice must be able to discriminate D nonorthogonal
5 The physical implementation of an optimal ME measurement
that discriminates among D equally likely symmetric states de-
fined by Eq. (7) is given by the D-outcome projective measure-
ment {F|l〉〈l|F−1}D−1l=0 . It applies for both linearly independent
and linearly dependent states. In the latter case, this measure-
ment realizes the optimal POVM on the lower-dimensional sub-
space where the symmetric states are restricted in [20].
6 Here, the conditional probability [P (νl|l)]S will represent our
maximum confidence in taking a measurement outcome l to in-
dicate the input state as |νl〉, when the discrimination strategy
S is employed.
5states of system 2 [|νl〉2 in Eq. (7)] without error. This is
possible only if inconclusive outcomes are allowed to oc-
cur [15] and the states are linearly independent [16], that
is, N = D in Eq. (7). The first condition makes the pro-
tocol probabilistic, while the second requires the Schmidt
rank of the channel to be maximal. Assuming that the
latter condition holds, the optimal teleportation protocol
will be the one in which Alice’s measurement strategy
to determine the states |νl〉2 minimizes (maximizes) the
probability of inconclusive (conclusive) outcomes. This
strategy is known as optimal unambiguous discrimination
(UD), and the optimized measurement that implements
it for equally likely symmetric states is known [17, 18].
The teleportation protocol via optimal UD of symmet-
ric states has been studied in Ref. [13]. It is a perfect
conclusive protocol because after a conclusive event in
Alice’s discrimination process, the teleportation proceeds
as in the standard scheme and in the end Bob receives a
perfect replica of the unknown state. Thus, the telepor-
tation fidelity will be
FUDs = 1, (15)
where the subscript “s” labels conclusive (or successful)
events. In terms of the singlet fraction, we have from
Eq. (10)
fUDs = 1 = [P (νl|l)]UDs , (16)
where we used the fact that the confidence (see footnote
6) achieved in the UD strategy is unity for each conclusive
event.
After an inconclusive event, unambiguous discrimina-
tion is forbidden [15–17] and, accordingly, perfect tele-
portation. When it happens, Alice and Bob just discard
the attempt and start the process again with another
copy of the shared entangled pair, until she succeeds. In
terms of resources this protocol will be more expensive
than a deterministic one since it will require the use of
ancillary systems (ancilla), one extra bit of classical com-
munication for each teleportation attempt until the suc-
cessful one and, in general, more copies of the quantum
channel to be efficient. The quantum circuits for this pro-
tocol are shown in Figs. 2(a) and 2(b), and they will be
better understood along the discussion of teleportation
via MC measurements.
III. QUANTUM TELEPORTATION VIA
MAXIMUM-CONFIDENCE MEASUREMENTS
When Alice and Bob share a quantum channel with
nonmaximal Schmidt rank, i.e., N < D in Eq. (2), the
states |νl〉2 in Eq. (7) become linearly dependent. In this
case, perfect conclusive teleportation described above is
impossible. It is possible, however, to implement opti-
mal imperfect conclusive teleportation. As we shall see
in this section, this is achieved when Alice applies MC
measurements [19, 20] to discriminate the states |νl〉2.
With such strategy, conclusive events in the discrimina-
tion process occur with maximum success probability and
lead to a teleportation with the maximum achievable fi-
delity for the quantum channel. We show that this fi-
delity depends only on the Schmidt rank of the channel
and, although less than a unit, it is larger than the one
achieved deterministically [see Eq. (12)]. In the follow-
ing we shall, first, briefly review MC discrimination for
symmetric states [20], and then apply this strategy to
the teleportation process. The advantages as well as the
drawbacks of the protocol are discussed and an example is
presented to illustrate it. It is worth mentioning that the
problem addressed here could equivalently be thought as
the teleportation of D-dimensional qudit states using two
entangled N -dimensional qudits. In fact, this problem
has been discussed in Ref. [7] from a completely different
approach and restricted to maximally entangled states
only. In our protocol, however, this is just a special case
that occurs when all the Schmidt coefficients in (2) are
equal as will be shown later.
A. Optimized maximum-confidence discrimination
of symmetric pure states
In the problem of quantum state discrimination, the
MC strategy is implemented through an optimized mea-
surement in which each conclusive outcome leads us to
identify each state with the maximum possible confi-
dence, while keeping at the minimum the probability of
obtaining inconclusive results [19]. In fact, the MC strat-
egy interpolates between ME and UD strategies: When
the confidence is the same for all states and there is no
inconclusive result, MC and ME coincide; when the con-
fidence is equal to unity for each conclusive result MC
corresponds to UD strategy.
Recently, we have addressed the problem of discrim-
inating with maximum confidence among D symmetric
states of N -dimensional qudits (N < D), prepared with
equal prior probabilities 1/D. For this linearly dependent
set, defined in Eq. (7) for N < D, we found the optimal
POVM and determined its physical implementation [20].
The latter is achieved by the following procedure: First,
a two-dimensional ancilla, initially prepared in the logi-
cal state |0〉a, is coupled with the qudit (for convenience
labeled as system 2) through a unitary operation Uˆ2a act-
ing on the tensor product Hilbert space H2 ⊗ Ha. The
optimal unitary, derived in Ref. [20], transforms the in-
put states |νl〉2 as follows:
Uˆ2a|νl〉2|0〉a =
√
1− P ?
1
|ul〉2|0〉a +
√
P ?
1
|ξl〉2|1〉a, (17)
where P ?
1
(the role of the subscript will become clear
later) is the minimum probability of obtaining an incon-
clusive result, given by [20]
P ?
1
= 1−Na2N−1, (18)
6where aN−1 is the minimum coefficient for the states |νl〉2
in Eq. (7). The normalized states |ul〉2 and |ξl〉2 can be
written as
|ul〉2 = Zˆl2
N−1∑
k=0
|k〉2√
N
(19)
and
|ξl〉2 = Zˆl2
N−1∑
k=0
√
a2k − a2N−1
P ?
1
|k〉2, (20)
respectively, with Zˆ defined in Eq. (5). Note that those
states are still symmetric and equally likely. Each |ul〉2
(|ξl〉2) occurs with probability 1− P ?1 (P ?1).
After the unitary coupling, the ancilla is measured on
the computational basis, namely {|0〉a, |1〉a}. If it is pro-
jected on |0〉a, the initial states are mapped into |ul〉2.
This outcome is interpreted as conclusive (or successful)
in the sense that the transformed states can now be sub-
jected to a measurement that will discriminate them—
and hence discriminate |νl〉2—with the maximum achiev-
able confidence. Otherwise, if the ancilla is projected on
|1〉a, the initial states are mapped into |ξl〉2, and this re-
sult is inconclusive (or a failure) in the sense that there is
no measurement that discriminates them with the max-
imum achievable confidence. When the result is conclu-
sive, we have shown in Ref. [20] that the MC and ME
strategies coincide, and so the optimized measurement
for both is the same. As we discussed in Sec. II D (see
also footnote 5), this measurement is performed by, first,
applying an inverse Fourier transform [see Eq. (9)] acting
on a D-dimensional Hilbert space, and then projecting
on the computational basis that spans this space. Doing
so, our confidence in taking an outcome l to identify the
input state as |νl〉2 will be7
[P (νl|l)]MCs,1 =
N
D
, (21)
which is the maximum achievable for equally likely sym-
metric pure states [20, 21].
B. Optimal imperfect conclusive teleportation
We show now that by applying the MC strategy de-
scribed above, Alice and Bob can perform optimal im-
perfect conclusive teleportation. Following the proto-
col from the beginning, Alice first applies the Gˆxor23 be-
tween systems 2 and 3 in her possession. She then adds
7 To fix notation, the subscripts “j,k” (for j = “s” or “f” and k a
positive integer) indicate that the quantity (or operator) before
them is related to a conclusive (j = s) or inconclusive (j = f)
event at the kth stage of a possible sequential MC measurement,
as will be discussed in Sec. IV.
a two-dimensional ancilla prepared in the logical state
|0〉a and applies the unitary transformation Uˆ2a [defined
in Eq. (17)] between this ancilla and system 2. Using
Eqs. (4) and (17) it can be shown that the four-system
state can be written as
Uˆ2aGˆ
xor
23 |Ψ〉12|φ〉3|0〉a =
√
1− P ?
1
|Φsucc〉123|0〉a
+
√
P ?
1
|Φfail〉123|1〉a, (22)
where P ?
1
is given by Eq. (18) and |Φsucc〉123 (|Φfail〉123)
denotes the normalized three-system state after a con-
clusive (an inconclusive) outcome in the measurement of
the ancilla. They are given, respectively, by
|Φsucc〉123 = 1
D
D−1∑
l,k=0
ZˆD−l1 Xˆ
k
1 |φ〉1|ul〉2|k〉3, (23)
where |ul〉2 is defined by Eq. (19), and
|Φfail〉123 = 1
D
D−1∑
l,k=0
ZˆD−l1 Xˆ
k
1 |φ〉1|ξl〉2|k〉3. (24)
with |ξl〉2 defined by Eq. (20). Now, Alice measures the
ancilla on the computational basis and communicates her
outcome to Bob by sending him one bit of information
through a classical channel. The process so far is depicted
in the quantum circuit of Fig. 2(a). Each one of the two
possible Alice’s outcomes leads to one of the three-system
states above, and each of them allows her to complete the
teleportation process with different fidelities as we shall
discuss next. In the circuit of Fig. 2(a) this is represented
by the box Tˆj,1 (see footnote 7).
1. Conclusive events
A conclusive outcome in the measurement of the ancilla
makes the transformation |Ψ〉12|φ〉3 → |Φsucc〉123 [see
Eq. (22)] or, equivalently, |νl〉2 → |ul〉2 [see Eqs. (7) and
(19), respectively]. From Eq. (18), such event occurs with
the maximum success probability 1−P ?
1
= Na2N−1. Alice
now proceeds with the teleportation process by measur-
ing systems 2 and 3. As usual, system 3 is subjected
to a projective measurement on the computational ba-
sis. On the other hand, system 2 is subjected to the
final measurement that will identify each state |ul〉2—
and accordingly each |νl〉2—with maximum confidence.
As described above and shown in Ref. [20], this final
measurement is exactly the same as the optimized mea-
surement that discriminates among equally likely sym-
metric states with the minimum probability of error (see
footnote 5). Therefore, from the discussion in Sec. II D,
this implies that Alice performs the same measurement
of the standard teleportation protocol, and, doing this,
it can be ensured by Refs. [4, 5] that she will teleport
7(a)
(b)
FIG. 2. Quantum circuits for optimal conclusive teleporta-
tion: Perfect when N = D and imperfect when N < D. (a)
Here Uˆ = Uˆ2a⊗Iˆ3, where Iˆ3 is the identity on the Hilbert space
of system 3 and the action of Uˆ2a is defined by Eq. (22). The
box Tˆj,1 represents the quantum circuit that completes the
protocol after the outcome j in the measurement of the an-
cilla by Alice is communicated to Bob. ρˆ1 is the final state of
Bob’s system which depends on operation Tˆj,1. (b) In case of
conclusive events, i.e., j = s the teleportation is accomplished
as in the standard scheme (see Fig. 1). The final state of sys-
tem 1 will be either a faithful replica of the unknown state
|φ〉 (perfect protocol) or an unfaithful one with the optimal
fidelity given by Eq. (25) (imperfect protocol).
the unknown state to Bob with the maximum achiev-
able fidelity. This fidelity, denoted by FMCs,1 (see footnote
7), will be given by Eq. (12) taking into account that
|νl〉2 → |ul〉2 ⇒ am → N−1/2 for all m. Thus,
FMCs,1 =
N + 1
D + 1
. (25)
The complete quantum circuit implementing this proto-
col is obtained by inserting the circuit of Fig. 2(b) into
the box Tˆj,1 in Fig. 2(a) with j = s.
The teleportation fidelity in (25) depends only on the
Schmidt rank, N , of the quantum channel unlike the de-
terministic protocol whose fidelity depends on both the
Schmidt rank and Schmidt coefficients of the channel
[see Eq. (12)]. Consequently, for a given N , the fidelity
achieved by teleporting via MC measurements will be the
same for any entangled state shared between Alice and
Bob. The success probability Na2N−1, on the other hand,
depends on the particular quantum channel. In order to
compare the fidelities for each protocol, we first find the
singlet fraction for the present case. Comparing Eqs. (10)
and (25) and using Eq. (21) we have
fMCs,1 =
N
D
= [P (νl|l)]MCs,1 . (26)
Since [P (νl|l)]MCs,1 > [P (νl|l)]ME [20], and so fMCs,1 > fME
we finally obtain
FMCs,1 > FME. (27)
Therefore, if Alice applies the MC strategy instead of ME
to discriminate the states |νl〉2 given by Eq. (7), after a
conclusive result she will always teleport with a fidelity
larger than the optimal one achieved, deterministically,
by standard teleportation. The equality in (27) holds
only when the entangled state in Eq. (2)—and hence |νl〉2
in (7)—has am = N
−1/2 for all m, since in this case MC
and ME strategies coincide, as discussed above. (The
fidelity for this particular channel has been derived in
Ref. [7] using a different approach.) The price to pay to
teleport with better fidelity is that the protocol becomes
probabilistic and the required resources increase in the
same way as in the perfect conclusive protocol described
in Sec. II E.
Two extreme cases for the conclusive teleportation fi-
delity can be seen from Eq. (25). First, it reaches its
minimum value when N = 1, that is, when the quantum
channel in Eq. (2) is separable. This value is the maximal
fidelity of teleportation via classical channel [3]
F clas =
2
D + 1
. (28)
Consequently, as long as N > 1, the conclusive teleporta-
tion fidelity FMCs,1 will always exceed F
clas by an amount
of (N−1)/(D+1). In the second case, the fidelity reaches
its maximum value of 1 when N = D, that is, when the
quantum channel in Eq. (2) has maximal Schmidt rank,
so the imperfect conclusive protocol becomes perfect. In
fact, regarding the success probability and the conclu-
sive teleportation fidelity, the optimal imperfect conclu-
sive protocol presented here interpolates between the op-
timal deterministic unfaithful (am = N
−1/2,∀ m) and
the perfect conclusive (N = D) protocols described in
Sec. II D and Sec. II E, respectively. This is so because,
as we mentioned earlier, MC strategy interpolates be-
tween ME and UD strategies when the above conditions
are accomplished.
2. Inconclusive events
An inconclusive outcome in the measurement of the
ancilla makes the transformation |Ψ〉12|φ〉3 → |Φfail〉123
[see Eq. (22)] or, equivalently, |νl〉2 → |ξl〉2 [see Eqs. (7)
and (20), respectively]. Such event occurs with the min-
imum failure probability given by Eq. (18). Since the
D states |ξl〉2 form a new set of equally likely symmet-
ric states restricted to a subspace of an N -dimensional
space, they could be subjected to a new round of dis-
crimination. If so, the teleportation process could be
completed, although the achieved fidelity would be even
lower than the conclusive one, no matter the strategy
adopted between Alice and Bob.
8Let us assume here that in consequence of a prear-
rangement with Bob, Alice applies the ME strategy to
discriminate the states |ξl〉2, after an inconclusive result
in the MC measurement. From our discussion in Sec. II D
and using Eq. (20), the fidelity of the teleported state af-
ter the protocol is completed will be given by Eq. (12)
with am →
√
(a2m − a2N−1)/P ?1 for all m. Denoting this
fidelity by FMEf,1 (see footnote 7) we obtain
FMEf,1 = F
clas +
N−1∑
m,m′=0
m6=m′
√
(a2m − a2N−1)(a2m′ − a2N−1)
[(D + 1)P ?
1
]2
,
(29)
with F clas given by Eq. (28). The above fidelity is lower
than the optimal FME given by Eq. (12), and accord-
ingly, lower than FMCs,1 in Eq. (25), as expected. It will
be, however, larger than the fidelity of teleportation via
classical channel if there exist at least two Schmidt co-
efficients of the entangled state in (2) which differ from
the minimum.
Instead of the ME strategy, Alice could also have ap-
plied another round of MC measurements to discriminate
the states |ξl〉2, after an inconclusive event. This possi-
bility and their consequences will be addressed in Sec. IV.
3. The overall teleportation fidelity
The overall teleportation fidelity is computed by aver-
aging the fidelities of conclusive and inconclusive events
with their respective probabilities. Denoting this quan-
tity by zS , we have for the present protocol
zS = (1− P ?
1
)FMCs,1 + P
?
1
zSf,1, (30)
where zSf,1 represents the average fidelity when the mea-
surement strategy (or a sequence of strategies) S is ap-
plied by Alice after obtaining an inconclusive result in
the first stage of the MC measurement. For instance, if
Alice applies the ME strategy as described above we have
zMEf,1 = FMEf,1 . Thus, using Eqs. (18), (25), and (29), the
overall teleportation fidelity for this particular case will
be given by
zME = (1− P ?
1
)FMCs,1 + P
?
1
FMEf,1
= F clas +Na2N−1
(
N − 1
D + 1
)
+
N−1∑
m,m′=0
m 6=m′
√
(a2m − a2N−1)(a2m′ − a2N−1)
(D + 1)2
. (31)
This fidelity generalizes the one obtained previously in
Refs. [12, 13] for perfect conclusive teleportation, i.e., for
N = D. Comparing it with the optimal teleportation fi-
delity achieved by a deterministic protocol [see Eq. (12)],
one can show that
FME > zME, (32)
where, again, the equality holds when the Schmidt co-
efficients of the channel satisfy am = N
−1/2 for all m.
More generally, using the fact that the largest average
fidelity of transformation of a pure bipartite state into
another using LOCC is achieved deterministically rather
than probabilistically [4], we can write8
FME > zS , (33)
for any S. Therefore, the reduction of the overall tele-
portation fidelity in comparison with the one achieved in
a deterministic protocol is another consequence of tele-
porting with a fidelity larger than the optimal one given
by Eq. (12).
C. Example: Part I
To illustrate graphically what has been discussed so
far, we consider the teleportation of a four-dimensional
qudit state (ququart) through an arbitrary quantum
channel with Schmidt rank N = 3. In the following,
we plot the fidelities as a function of the Schmidt co-
efficients (a0 and a1) of the entangled state in Eq. (2)
without assuming any ordering between them.
From Eq. (25), the conclusive teleportation fidelity will
be FMCs,1 = 0.8 for any initial entangled state. This is
shown in Fig. 3(a) (upper and lower panels). The opti-
mal fidelity achieved deterministically, FME, and given
by Eq. (12) is shown in Fig. 3(b) (upper panel). One
clearly observes the relation between those fidelities as
established by Eq. (27). The floor of this graphic corre-
sponds to the maximal fidelity of teleportation via clas-
sical channel, which from Eq. (28) will be F clas = 0.4.
The overall teleportation fidelities are shown in Fig. 4.
In Fig. 4(a) we plot the fidelity achieved deterministically,
which is given by Eq. (12). Figure 4(b) shows the overall
fidelity given by Eq. (31), which is obtained when Alice
applies ME discrimination to complete the teleportation,
after an inconclusive result in the first stage of the MC
measurement. The relation between these two quantities
established in Eq. (32) is clearly observed by comparing
Figs. 4(a) and 4(b).
8 When restricted to LOCC, a deterministic conversion of an ini-
tial pure bipartite state |Ψ〉12 into a final pure state |Φ〉12 gives
the maximal average fidelity with respect to a given target state
|Ψ˜〉12 (see lemma 2 of Ref. [4]). When the target state is a maxi-
mally entangled one, this means that the average singlet fraction
[the average of Eq. (11)] achieves its maximum deterministically.
Therefore, by averaging Eq. (10) for deterministic and proba-
bilistic protocols we arrive at Eq. (33).
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FIG. 3. (Color online) Fidelity of teleportation of an unknown
ququart state through an arbitrary pure quantum channel
with Schmidt rank N = 3. In the upper panel we have: (a)
the conclusive fidelity FMCs,1 given by Eq. (25), (b) the optimal
fidelity FME of a deterministic protocol given by Eq. (12), and
(c) the conclusive fidelity FMCs,2 given by Eq. (38). The floor
of the graphic corresponds to the teleportation fidelity via
classical channel, F clas, given by Eq. (28). The lower panels
show the graphics (a) and (c) viewed from the top.
IV. QUANTUM TELEPORTATION VIA
SEQUENTIAL MAXIMUM-CONFIDENCE
MEASUREMENTS
Following the discussion initiated in Sec. III B 2, we
will consider that after an inconclusive result in the first
stage of the MC measurement, Alice—in agreement with
Bob—keep trying to accomplish the teleportation by dis-
criminating the “failure” states |ξl〉2 given by Eq. (20).
In that section we described the case where she applies
the ME strategy. Here, we will describe the case where
she applies another stage(s) of MC measurements. In this
regard, we say that the teleportation is performed via se-
quential maximum-confidence (SMC) measurements [20].
Next, we briefly describe this measurement strategy and
after that we discuss its application on teleportation.
A. Sequential maximum-confidence measurements
The concept of SMC measurement has been introduced
in the context of discrimination among linearly depen-
dent and equally likely symmetric pure states [20]. As
we saw in Sec. III A, when this set of states is subjected
to a MC measurement, an inconclusive outcome maps the
D input states |νl〉2 in Eq. (7) into a new set of D lin-
early dependent and equally likely symmetric states |ξl〉2
in Eq. (20), with a one-to-one correspondence between
them. For convenience we rewrite the states |ξl〉2 as
|ξl〉2 = Zˆl2
N−µ1−1∑
k=0
bk|k〉2, bk =
√
a2k − a2N−1
P ?
1
, (34)
where µ1 denotes the multiplicity of the smallest coeffi-
cient of |νl〉2, namely aN−1. Therefore, the D states |ξl〉2
are restricted to a (N − µ1)-dimensional Hilbert space.
Since 1 6 µ1 6 N , we have three possible situations: (i)
If µ1 = N , MC and ME strategies coincide and there is no
inconclusive result, so |ξl〉2 = 0 for all l. (ii) If µ1 = N−1,
the D states |ξl〉2 will be identical, up to a global phase,
so no further measurement will allow us to gain infor-
mation about the input states. (iii) If µ1 < N − 1, the
MC measurement can be applied again and a conclusive
outcome leads us to identify each input state with the
confidence
[P (νl|l)]MCs,2 =
N − µ1
D
, (35)
which is smaller than the one achieved in the first stage
[see Eq. (21)], as it should be. On the other hand, fol-
lowing Eq. (18), an inconclusive outcome occurs with the
minimum probability
P ?
2
= 1− (N − µ1)b2N−µ1−1, (36)
and when it occurs the states |ξl〉2 are mapped to a new
set of equiprobable symmetric states restricted to a (N−
µ1−µ2)-dimensional subspace, where µ2 accounts for the
multiplicity of the second smallest input-state coefficient
ak. Thus, the whole analysis above applies again to this
new set, and the process can be iterated in as many stages
as allowed by the multiplicities µj of the coefficients ak.
As we show in the Appendix, if there exist d ∈ [1, N ] sets
of equal coefficients, the maximum number of conclusive
stages, M, will be
M = d− δµd,1, (37)
where µd is the multiplicity of the largest ak in Eq. (7).
This process is referred to as SMC measurement [20].
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FIG. 4. (Color online) Overall fidelity of teleportation of an unknown ququart state through an arbitrary pure quantum
channel with Schmidt rank N = 3. (a) Deterministic protocol: Alice applies the ME strategy and teleports with the optimal
fidelity FME given by Eq. (12). (b) Probabilistic protocol I: Alice first applies the MC strategy and then ME in case of an
inconclusive outcome. The corresponding overall fidelity, zME, is given by Eq. (31). (c) Probabilistic protocol II: Alice applies
a two-stage SMC measurement. The corresponding overall fidelity, zSMC1→2, is given by Eq. (45). One can clearly observe that
FME > zME > zSMC1→2, as established in Eq. (46).
B. Teleportation via SMC measurements
1. Conclusive teleportation fidelities and required resources
Back to teleportation, let us consider now that after an
inconclusive result in the first stage of the MC measure-
ment, Alice applies this strategy again to discriminate
the states |ξl〉2 given by Eq. (34). For this, she needs,
first, to add another two-dimensional ancilla prepared in
the logical state |0〉a and to implement the unitary cou-
pling Uˆ ′2a between it and system 2. Then she measures
the ancilla on the computational basis and communicate
the outcome to Bob by sending him a one-bit message
through a classical channel. This process is depicted in
the quantum circuit of Fig. 5. A conclusive outcome oc-
curs with maximum probability 1−P ?
2
[see Eq. (36)] and
allows Alice and Bob to complete the teleportation pro-
cess as in the standard case [e.g., see the quantum circuit
of Fig. 2(b)]. From the discussion of Sec. III B 1 and us-
ing Eq. (25), the conclusive teleportation fidelity in the
second stage of the SMC measurement will be
FMCs,2 =
N − µ1 + 1
D + 1
= FMCs,1 −
µ1
D + 1
, (38)
which is smaller than the one achieved in the first stage,
as expected. However, by the same reasoning used to
demonstrate Eq. (27), we have that FMCs,2 > FMEf,1 , where
FMEf,1 is given by Eq. (29) and the equality holds when the
coefficients of |ξl〉2 in Eq. (34) satisfy bk = (N − µ1)−1/2
for all k. Thus, it is possible to achieve, with certain
probability, a better teleportation fidelity by applying a
MC strategy rather than ME after an inconclusive out-
come in the first stage of the MC measurement.
Let us note that according to the discussion below
Eq. (34) it can be shown that in order to have at least
two stages of MC measurements in the teleportation pro-
tocol, the following conditions must hold simultaneously:
(i) The Schmidt rank of the quantum channel in Eq. (2)
must be N > 3 and (ii) the multiplicity of the smallest
Schmidt coefficient of this channel (aN−1) must satisfy
µ1 < N − 1. As we are considering teleportation of a
qudit state with D > N , the condition (i) says that the
simplest case where SMC measurements can be applied
to assist the protocol is when D = 4 and N = 3, if condi-
FIG. 5. Quantum circuit for the second attempt of teleport-
ing via MC measurements. It must be inserted into the box
Tˆj,1 in Fig. 2(a) with j = f. |Φfail〉123 is given by (24) and
Uˆ ′ = Uˆ ′2a ⊗ Iˆ3. The box Tˆj,2 represents the quantum circuit
that completes the teleportation after the outcome j in the
measurement of the ancilla by Alice is communicated to Bob.
If j = s, Tˆs,2 is given by the circuit of Fig. 2(b) and in the end
the teleported state has a fidelity given by Eq. (38). If j = f,
Tˆf,2 will depend on the strategy between Alice and Bob: a
new stage of MC measurements, an inconclusive event, etc.,
and ρˆ′1 is the final state of Bob’s system which depends on
Tˆj,2.
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tion (ii) holds. This case has been addressed in Sec. III C
and we will return to it later.
The N Schmidt coefficients of the entangled state in
Eq. (2) can be grouped into d ∈ [1, N ] sets of equal co-
efficients. This means that Alice can apply, at most, M
stages of MC measurements, with M given by Eq. (37)
(see also the Appendix). At each stage, the procedure
is the same described above, and if she gets a conclusive
outcome in the kth one, the teleportation fidelity, after
completing the protocol, will be
FMCs,k = F
MC
s,k−1 −
µk−1
D + 1
(39a)
=
1
D + 1
1 + d∑
j=k
µj
 , (39b)
where µj denotes the multiplicity of the jth smallest
Schmidt coefficient. Equation (39a) shows that the con-
clusive teleportation fidelity decreases from one stage to
the next, which is a consequence of the decrease in the
confidence with which Alice discriminates the states of
system 2 from one stage to the next [20]. To arrive at
(39b) we use that
∑d
j=1 µj = N . Comparing this equa-
tion with (10) we find the singlet fraction
fMCs,k =
1
D
d∑
j=k
µj = [P (νl|l)]MCs,k , (40)
where the latter equality follows from [P (νl|l)]MCs,k =
[P (νl|l)]MCs,k−1 − µk−1/D [20]. Finally, if Alice gets a con-
clusive outcome in the last allowed stage, M, the telepor-
tation fidelity will be
FMCs,M =
µd−1δµd,1 + µd + 1
D + 1
, (41)
which is always larger than the maximal one achieved via
classical channel and given by Eq. (28).
To account for the required resources to accomplish
teleportation via SMC measurements, let us consider
that Alice and Bob agree beforehand to implement at
most k among the M allowed stages of such strategy
(k 6 M). In the worst case of successful teleportation,
Alice obtains a conclusive outcome at the kth stage and
the process will consume, in addition to the entangled
state and 2 log2(D) bits of classical communication, an-
other k classical bits as well as k two-dimensional ancil-
las. On the other hand, if Alice obtains an inconclusive
outcome at the kth stage, all the used resources are lost,
i.e., k classical bits and ancillas, the entangled state and
the unknown qudit state. In this case, she and Bob dis-
card the attempt and start the process again with new
copies of the aforementioned resources. Therefore, this
protocol is always more expensive than a deterministic
one. However, as we shall see, in some situations the
application of more than one stage of MC measurements
enable Alice and Bob to save resources for teleportation.
2. Overall probability of teleportation and overall fidelity
The probability of teleportation at the kth stage of a
SMC measurement, PMCs,k , is given by
PMCs,k =
(
1− P ?
k
) k−1∏
j=1
P ?j , (42)
which takes into account the inconclusive probabilities
at all k − 1 preceding stages. Considering again that
Alice and Bob agree beforehand to implement at most
k among the M allowed stages of a SMC measurement
(k 6M), we can compute the overall probability of tele-
portation, P SMC
1→k , just by adding the success probability
at each stage. Thus, using Eq. (42), it is easy to show
that
P SMC
1→k =
k∑
j=1
PMCs,j = 1−
k∏
j=1
P ?j . (43)
The overall teleportation fidelity, assuming that Alice im-
plements a given strategy or a sequence of strategies S
after obtaining an inconclusive outcome at the kth stage,
will be
zSMC,S
1→k =
k∑
j=1
PMCs,j F
MC
s,j +
(
1− P SMC
1→k
)
zSf,k, (44)
which, for k = M becomes
zSMC
1→M =
M∑
j=1
PMCs,j F
MC
s,j + δµd,1
(
1− P SMC
1→M
)
F clas, (45)
with F clas given by Eq. (28). Note that the second term
on the right-hand side of Eq. (45) contributes only if the
multiplicity, µd, of the largest Schmidt coefficient is 1.
According to the discussion in Sec. III B 3 and using
Eqs. (32) and (33) (see also footnote 8) we can order the
overall teleportation fidelities of the protocols described
so far as follows
FME > zME > zSMC,S
1→k > z
SMC
1→M. (46)
Therefore, the effect of adding further stages of MC mea-
surements in the teleportation process is a reduction of
the overall fidelity.
C. Teleporting with a fidelity above FME
As discussed so far, in the problem of teleportation via
quantum channels with nonmaximal Schmidt rank, Alice
could, in principle, apply an M-stage SMC measurement
to assist the protocol. In this case, a conclusive event
at any stage k 6 M leads to a teleportation fidelity
FMCs,k given by Eq. (39). On the other hand, Alice—in
agreement with Bob—could have chosen to apply a ME
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measurement and teleport deterministically with an op-
timal fidelity FME given by Eq. (12). However, let us
assume that for Alice and Bob purposes, it is sufficient
to accomplish teleportation with a fidelity of transmis-
sion better than a threshold set by FME. If their shared
quantum channel enables Alice to implement an M-stage
SMC measurement, each stage k whose conclusive fidelity
fulfills this condition will be useful. This is always the
case for the first stage (unless am = N
−1/2 for all m),
as shown in Eq. (27). For the remaining stages the con-
dition FMCs,k > F
ME, obtained from Eqs. (12) and (39),
reads9
d∑
j=k
µj >
(
N−1∑
m=0
am
)2
. (47)
Given an arbitrary entangled state as in Eq. (2), it is not
possible to obtain a general expression for the maximum
number of useful stages among the M allowed ones [see
Eq. (37)] in a SMC measurement. However, since Al-
ice and Bob have complete knowledge of this state, all
the parameters in the above inequality are known be-
forehand. Thus, before starting the teleportation, they
have to verify whether the kth stage (1 < k 6 M) will
be useful and then establish the number of stages to be
implemented in the protocol.
Assuming that a k-stage SMC measurement enables
Alice and Bob to accomplish teleportation with a fidelity
above FME, the overall probability of success in this case
will be given by Eq. (43). From this equation, we clearly
have
P SMC
1→k > PMCs,1 , (48)
where the equality holds for k = 1. Therefore, the imple-
mentation of further k− 1 stages, in addition to the first
one, increases the chance of teleportation. This is spe-
cially important in a scenario where Alice and Bob have
limited resources, mainly those considered to be more
expensive, as for instance, the entangled states. If so,
instead of simply discarding the teleportation attempt
after an inconclusive outcome in the first stage, they can
keep trying to teleport in one of the remaining k − 1
stages. This increases the overall probability of telepor-
tation with a fidelity above the threshold FME and, con-
sequently, allows them to save resources.
9 Within the framework of quantum state discrimination, we
can use Eqs. (14) and (40) to write the inequality (47) as
[P (νl|l)]MCs,k > [P (νl|l)]ME. This expression says that the kth
stage of a SMC measurement will be useful for teleporting with
a fidelity above FME, whenever a conclusive outcome in that
stage makes Alice’s confidence in identifying the states |νl〉2 [see
Eq. (7)] larger than the one achieved via the ME strategy.
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FIG. 6. (Color online) Probability of teleportation of an
unknown ququart state through an arbitrary pure quantum
channel with Schmidt rank N = 3. (a) Probability at the first
stage of the SMC measurement given by 1−P ?1 [see Eq. (18)].
(b) Overall probability of teleportation [see Eq. (43)] with a
fidelity above FME.
D. Example: Part II
We return now to the example of teleportation of an
unknown ququart state through an arbitrary quantum
channel with Schmidt rank N = 3. As mentioned ear-
lier, this is the simplest case where teleportation via
SMC measurements may be applied. Here, we have at
most two stages, the first of which has been discussed
in Sec. III C. If an inconclusive outcome in that stage is
followed by a conclusive one in the second, the teleporta-
tion fidelity, given by Eq. (38), will be FMCs,2 = 0.8−µ1/5.
This is shown in Fig. 3(c) (upper and lower panels). In
those graphics, the lines where the fidelity is equal to
the classical one represents the entangled states whose
smallest Schmidt coefficient has multiplicity µ1 = 2. The
point where the three lines touch each other represents
an event that never occurs because µ1 = 3, and, hence,
there is no inconclusive outcome at the first stage. For
the points on the surface 3(b) that are below the plateau
in Fig. 3(c), the corresponding entangled states enable
conclusive fidelities above FME at the second stage of the
SMC measurement. Figure 4(c) shows the overall tele-
portation fidelity, zSMC
1→2, obtained from Eq. (45). Com-
paring this graphic with those from Figs. 4(a) and 4(b),
one can verify the relation established in Eq. (46).
In Fig. 6(a) we plot the probability of teleportation at
the first stage of the SMC measurement, obtained from
Eq. (18). With those probabilities, we have a telepor-
tation fidelity above FME for any entangled state [see
Eq. (27)]. Figure 6(b) shows the overall probability of
teleportation [see Eq. (43)] with the condition that the
conclusive fidelity of transmission be larger than FME.
The region in this graphic where the probabilities ex-
ceeds those ones in Fig. 6(a) represents the entangled
states where, in addition to the first, the second stage
of the SMC measurement also satisfy the condition. For
these states the implementation of a 2-stage SMC mea-
surement is clearly advantageous.
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V. SUMMARY AND CONCLUSION
To summarize, in this work we have described the
quantum teleportation protocol via nonmaximally entan-
gled pure states within the framework of quantum state
discrimination. More specifically, we showed that a cru-
cial step for teleportation is related to the ability of the
sending party, Alice, to discriminate nonorthogonal sym-
metric states which are equally likely. The type of tele-
portation that she and Bob (the receiving party) prear-
range to implement defines the discrimination strategy
that she has to adopt. In this regard, we have shown
that to achieve optimal teleportation fidelity in a deter-
ministic way [4–7], Alice must implement an optimized
ME strategy, which is valid for both linearly dependent
and linearly independent symmetric states. On the other
hand, to achieve unit teleportation fidelity with max-
imum success probability, Alice has to apply an opti-
mized UD strategy. This is a known fact since this pro-
tocol, called perfect conclusive teleportation, has been
conceived [8] and intensively studied thereafter [9–13].
However, UD applies only for linearly independent states
[16, 17], which implies that perfect conclusive telepor-
tation is restricted to quantum channels with maximal
Schmidt rank. Here, we investigated the problem where
this latter condition does not hold. It was shown that
if Alice applies an optimized MC measurement [19] to
assist teleportation in this case, the fidelity of transmis-
sion at conclusive events, although less than unit, is the
maximum achievable for that channel. In fact, as can
be seen from Eqs. (25) and (27), we found that this fi-
delity depends only on the Schmidt rank of the channel
and it is better than the one achieved deterministically
via ME measurements. Moreover, the probability of suc-
cessfully teleporting is also maximal. This optimal im-
perfect conclusive teleportation was shown to interpolate
between the optimal deterministic (when the Schmidt co-
efficients are all equal) and the perfect conclusive (when
the Schmidt rank is maximal) protocols.
Subsequently, the teleportation via SMC measure-
ments, introduced in Ref. [20], has also been investigated.
In this strategy, one takes into account that it might
be possible to extract some information about the in-
put states even after an inconclusive result in the MC
measurement. If so, MC can be applied again and the
process can be iterated until no further information is
available. We have shown that if the quantum channel
allows for the maximum of M conclusive stages in the
SMC measurement, the teleportation fidelity decreases
from one stage to the next as can be seen in Eq. (39a);
at the Mth stage, it is still always larger than the maxi-
mal fidelity achieved via classical channel. An important
feature of this scheme is that there are quantum chan-
nels for which it is possible to implement k among the
M allowed stages in the SMC measurement such that a
conclusive event at any stage leads to a teleportation fi-
delity above the optimal one achieved deterministically.
As a consequence, the overall probability of teleportation
increases, allowing Alice and Bob to save the resources
used in the protocol. It is worth noting that SMC mea-
surements could also be applied after a failed attempt
of perfect conclusive teleportation, since in this case the
states to be discriminated becomes linearly dependent
and cannot be unambiguously identified by any further
process.
In this work we have shown that the singlet fraction of
a pure bipartite quantum channel, defined by Eq. (11),
is equal to the maximum confidence with which Alice
can discriminate equally likely symmetric pure states by
applying a given optimized measurement strategy. This
is a direct consequence of the connection between sin-
glet fraction and entanglement concentration procedures
[3, 4], and the connection between the latter and state
discrimination [16, 29, 30]. It may be fruitful, somehow,
to look at the singlet fraction by this new perspective
and, for instance, to extend our study here for teleporta-
tion via mixed entangled states. Finally, another possible
extension of the results obtained in this work is to investi-
gate other quantum communication protocols performed
via quantum channels with nonmaximal Schmidt rank.
For instance, perfect conclusive entanglement swapping
via UD strategy has been studied in [31], and in a forth-
coming paper we shall generalize this for an imperfect
protocol accomplished via MC measurements.
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Appendix
The maximum number of conclusive stages allowed
in the SMC measurement, i.e., the number of stages in
which it is possible to gain some information about the
input states through a measurement, ranges from 1 to
N −1. It depends on the multiplicities of the input-state
coefficients {ak} as follows. The N coefficients ak can be
grouped into d sets of equal coefficients, where d ∈ [1, N ].
The number of elements in each set gives the multiplicity
of the coefficient. If µj (with j = 1, . . . , d) is the multi-
plicity of the jth smallest coefficient, then µd will be the
multiplicity of the largest one. As we saw in Sec. IV A,
after each stage of the SMC measurement, the dimension
of the subspace where the states to be discriminated are
restricted, decreases. If there are d sets of equal input-
state coefficients, the dimension of the Hilbert space at
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each stage will be
1st stage → N,
2nd stage → N − µ1,
3rd stage → N − (µ1 + µ2),
...
...
dth stage → N −
d−1∑
j=1
µj = µd.
(A.1)
We note that if µd = 1 the failure states in the last stage
will be identical, up to a global phase, so no further mea-
surement allows us to gain information about the input
states. Otherwise, if µd > 1 the failure states can be dis-
criminated for the last time. In this case, MC and ME
strategies coincide and there is no further inconclusive
result. Therefore, the maximum number of conclusive
stages in the SMC measurement, denoted by M, will be
M = d− 1, if µd = 1,
M = d, if µd > 1,
(A.2)
which, for short, can be written as M = d − δµd,1. In
the extreme cases mentioned above, this will be 1 when
d = 1 (i.e., all coefficients ak are equal) and N − 1 when
d = N (i.e., all coefficients ak differ).
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